We present a model for the ac conduction in ionically conducting solids that takes into account, in a simple way, the interaction between carriers. The Coulomb force forms an "ionic atmosphere" that exerts a restoring force on a central ion, whose motion corresponds to an overdamped oscillator. We consider the effect of the relaxation of the ionic atmosphere by introducing an additional equation for the displacement of the potential toward the particle position. The general behavior of the ac conductivity can be understood in terms of two types of motions: motion of the bound ion at high frequencies determined by microscopic friction, and a much slower motion coupled to the surrounding carriers relaxation at low frequencies.
I. INTRODUCTION
Common qualitative features of the ionic conductivity are observed in many different kinds of disordered solids such as glasses, structurally disordered crystals, and supercooled melts.
1 At low frequencies, the long range displacement of carriers gives the frequency independent ͑dc͒ conduction 0 . As the frequency increases, the conductivity gradually increases, and over a frequency range from mHz to GHz, it is well approximated by the formula 2,3
where c is the frequency of onset of ac conduction. This equation treats the dc and ac ionic conduction as independent macroscopic phenomena. However, both contributions should arise from the same microscopic mechanism, and in recent years two main types of approach have been developed to account for this. One approach derives the conductivity from the effects of a static disordered energy landscape on the ion dynamics, using percolation theory or effective medium theory. 1, [4] [5] [6] Another approach emphasizes the relevance of Coulomb interaction between carriers. In particular Funke and co-workers [7] [8] [9] [10] have developed a model based on the idea of the relaxation of the potential due to the surrounding atoms following the jump of a particle, and this has also been discussed in terms of mean field theory. 11 In this second kind of model, the potential is considered time-dependent and the length scale over which the ion diffuses at random is much shorter than in the random barrier models, where the random walk occurs when the ion explores larger and larger parts of its neighborhood.
The idea that the potential affecting the motion of a carrier is influenced by the position of the particle itself is appealing and is very important for describing ionic conduction in electrolyte solutions. 12 However, the jump relaxation models [7] [8] [9] [10] are formulated in terms of complex phenomenological rate equations, which cannot be solved analytically. In this paper we present a model of such a relaxation, formulated in terms of very simple linear equations of motion, that illustrates some characteristics of the ionic ac conduction in solids, and hence helps to clarify their origin. With this model, we show how long range motion of charges can occur in a system composed of ions that are confined by the Coulomb potential of the neighboring ions, provided that the positions of these neighbors can also relax.
II. CHARGE MOTION WITHOUT RELAXATION OF THE SURROUNDINGS
The independent motion of charges in a rigid potential field has been extensively studied, and can be discussed in terms of the motion of a damped harmonic oscillator in which the damping forces are dominant. 13 The equation of motion for the displacement x of a particle under the action of a force F can be written as
where and k are the friction and the spring coefficient, respectively. For a particle of charge q in an electric field E, so that F = qE, if the inertia term md 2 x / dt 2 can be ignored, this equation becomes The ac conductivity can be calculated as ͑͒ = Nq / Ẽ from the velocity = ix, produced by a small field E = Ẽ exp͑it͒ of pulsation . The tilde indicates in all quantities the amplitude of the sinusoidal perturbation. Taking the Laplace transform of Eq. ͑3͒
one obtains the result
where = k / = −1 is the inverse of the decay time for return to the equilibrium position. In relation with ion motion in disordered solids, we adopt the following interpretation for the ac behavior of the damped oscillator. The Coulomb interactions of a carrier with the other carriers form an "ionic atmosphere" around the central carrier which in equilibrium is on a time-average distributed with spherical symmetry. A carrier that is relaxed occupies an equilibrium position with respect to its ionic atmosphere. 12 Under the influence of an external force, the central carrier may be pictured as moving to an off-center position and experiencing a restoring force described by the harmonic potential U͑x͒ = kx 2 / 2. The real part, Ј, of the ac conductivity of Eq. ͑5͒ is plotted in Fig. 1 . Since the carrier is bound, long range displacement of the particle ͑dc conductivity͒ is not possible. At frequencies lower than the displacement is slowed down by the restoring force and Ј decreases to zero as 2 . At high frequencies ͑ ӷ ͒ the ac conductivity Ј shows a plateau corresponding to the value = Nq
. ͑6͒
In this high frequency regime the effect of the elastic force can be neglected, and the particle behaves as if it were moving freely around the potential minimum under the influence of the viscous force only. Henceforth, we denote this dynamic regime "microscopic friction," with the associated microscopic mobility = q / . We remark that the behavior of the ac conductivity is similar to that of Fröhlich's model for ion hopping in a double potential well.
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The complex dielectric constant ͑͒ is proportional to the displacement x produced by the electrical field and we find that, for particles of unit mass,
the standard Debye formula. The normalized permittivity, shown in Fig. 2 , is the usual Debye relaxation with the dielectric loss peak centered at . At low frequencies the real part of the permittivity increment takes the value
which corresponds to the displacement of charge due to the static equilibrium in the harmonic potential, qẼ =−kx.
III. LONG RANGE MOTION
The dynamic effects of many-particle interactions are often taken into account with a memory function in the viscous drag, through the generalized Langevin equation ͑GLE͒ 17 that describes temporal correlations in the interaction between the particle and the medium. The GLE has been applied to describe the microscopic mechanism of fast ionic conduction in solids 18, 19 and also the frequency dependence of the conductivity in electrolyte solutions. 20 We consider a simpler approach, consisting of the rearrangement of the potential surface during the motion of the particle, which is similar to the concept of the relaxation of the ionic atmosphere in electrolyte solutions. 12 When the hopping carrier is displaced from the equilibrium position in the ionic atmosphere, either it may return to the equilibrium position, as discussed before in the overdamped oscillator model, or a rearrangement of the surrounding charge toward the new position of the carrier may occur. This last effect we call the potential relaxation, and has been amply discussed in the jump relaxation model by Funke and his co-workers. [7] [8] [9] [10] In the following we develop a simple model based on this idea. We will assume that the harmonic potential that describes the interaction of the carrier with the surrounding charge, has a certain probability to shift its center of mass toward the position of the particle. Physically, the carrier motion is accompanied by the creation and destruction of the ionic cloud along the trajectory of the hopping particle. 21 This process is determined by the relaxation of the surrounding charge and not by the electrical field, so that the electrical current corresponds to the displacement of the central ion, as is well known in the theory of electrolytes. 12 In our simple model, we neglect the change of the shape of the ionic atmosphere, which is considered in the theory of relaxation in electrolyte solutions ͑Debye-Falkenhagen effect 21, 22 ͒. Another approach is to treat the relaxation of the ion's surroundings for ionic transport in solutions in terms of the density fluctuations predicted by mode coupling theory, 23 but this is not applicable to ionic conduction in solids.
If we denote by x 0 the equilibrium position of the potential well, U͑x͒ = k͑x − x 0 ͒ 2 / 2, Eq. ͑3͒ becomes
and if the rearrangement of the environment favors the equilibrium position being close to the displacing carrier, then the equation of motion for the center of the surrounding charge is
where r = r −1 is the characteristic time for rearrangement of the potential well to the new position. r is the result of the effective restoring force that the central particle exerts on the ionic cloud ͑k r ͒, and the friction coefficient of the cloud itself ͑ r ͒, but the only parameter in our model is r = r / k r . Equations ͑9͒ and ͑10͒ give for the ac perturbation ͑k + i͒x − kx 0 = F ͑11͒ and
respectively, so that
͑13͒
which can be written in the simpler form
The real part of the conductivity is shown in Fig. 3 . At high frequencies, we find the conductivity plateau related to the microscopic friction, as before. The time for relaxation of the ionic atmosphere is assumed to be much larger than the relaxation time of the carrier in the confinement potential, i.e., r = r −1 Ӷ , otherwise ͑͒ = at all frequencies. The new aspect with respect to the fixed atmosphere model outlined above is a domain of constant conductivity at low frequencies that can be associated to the dc conductivity 0 . The latter takes the following value
and is a result of the term −kx 0 in Eq. ͑11͒, which acts as a repulsive force that breaks the boundedness of the normal oscillator. At frequencies lower than , the real part of the conductivity of Eq. ͑14͒ is well approximated by the formula
where the onset of ac conduction occurs at the frequency
The 2 term in Eq. ͑16͒ is a consequence of our using the Debye model, and for real systems one expects a different frequency dependence ͑ s with 0.5Ͻ s Ͻ 1͒. This arises either from a distribution of relaxation frequency 15 or from a non-Debye elementary relaxation ͑stretched exponential͒. The aim of our model is just to indicate how a single simple mechanism can explain both the dc conductivity and the high-frequency plateau in the conductivity.
The physical origin of the additional energy dissipation mechanism that leads to long range displacement, i.e., 0 , in this system, is appreciated in the schematic representation of a single relaxation event shown in Fig. 4͑a͒ . First the particle moves uphill in the potential well by the action of the external force F. When the potential well relaxes toward the particle's position, the particle loses the potential energy that it had in the previous configuration, and so the work that was provided by the external force in the uphill displacement is dissipated into heat. When the process is repeated, there is a sustained advancement of both the particle and its confinement potential.
In the steady state, when a constant current flows in response to a constant electrical field, both the particle and the potential well must move with same velocity, = 0 , and it follows from the equations of motion ͑9͒ and ͑10͒ that the velocity is given by
The additional friction term corresponds to the equilibrium value of the restoring force, i.e., k r = k͑x − x 0 ͒. Therefore the relaxation term has a friction coefficient ⌫ r = k r , 
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Simple model for ac conduction in solids J. Chem. Phys. 122, 151101 ͑2005͒ which is determined by the stiffness of the confinement potential, k, and by the lifetime for the particle being in a high potential energy state before the surrounding charge relaxes, r . If r is considerably longer than , the dc motion is governed completely by the combination of the restoring force ͑which balances the external force F͒ and the potential relaxation, see Fig. 4͑b͒ . The dc conductivity is 0 = nq 2 k r ͑19͒
and the particle motion loses the information about the bound particle mobility that is determined by the microscopic friction, = e / . Experimental results showing this type of effect were recently reported for the limitation of the mobility of electronic carriers injected in a porous network of TiO 2 nanoparticles due to Coulomb screening by mobile ions. 24 A strong correlation of the mobility of electrons with ion conductivity was demonstrated by time-of-flight and impedance spectroscopy measurements. Note also that thermal activation of 0 arises from the mechanism of relaxation via r .
The permittivity increment for Eq. ͑14͒, calculated from the expression
gives the same result as in Fig. 2 for the normal overdamped oscillator. The reason for this is that the shape of the potential is not affected by the relaxation of the equilibrium position, so that qẼ =−kx holds as before and Eq. ͑7͒ is not modified.
It is important to remark that in the potential relaxation model dc conduction appears as an additional mechanism absent in the ac conduction regime. The latter is determined by short range displacements in a stationary confinement potential, while the former requires additionally the potential to move along with the particle. This is in contrast to models such as the random energy barrier 1 and percolation pictures 4, 6 in which dc and ac transports are distinguished only by the timescale of the measurement. In the percolation models, conductivity is frequency independent whenever the frequency is smaller than a critical hopping frequency ͑the smallest jump rate in the percolation cluster͒, but the energy landscape is stationary at all the frequencies. 4 Moreover, in our model, in contrast to the early models based on the addition of dc and ac contributions, the dc conduction is linked to the ac conduction mechanism, because the restoring force k plays a key role in both.
IV. CONCLUSION
We have described the dynamic properties of an overdamped oscillator with long range displacement and its connection with the features of the ac conductivity in ionic solids. The general behavior can be understood in terms of two types of motion: bound carrier motion at high frequencies determined by microscopic friction, and the much slower motion of a carrier acompanied by the confinement cloud at low frequencies. At low frequency the particle will move downward along the force direction ͑dc conductivity 0 ͒. At intermediate frequencies the particle relaxes into the potential well ͑Ј ϰ 2 ͒. At high frequency the particle feels only the microscopic frictional force ͑constant ac conductivity ͒. Both ac conduction at intermediate frequencies and dc conduction at low frequencies arise from the behavior of the ionic atmosphere that represents the effects of interactions over a chosen ion. 4 . Schematic illustration of the mechanism of relaxation of the ionic cloud in a harmonic oscillator model. ͑a͒ A particle with position x moves under a harmonic potential with equilibrium position x 0 and a constant force in the positive x direction. The center of the potential well relaxes toward the position of the particle, resulting in a net displacement of the particle along the x axis. ͑b͒ Effect of the relaxation of the local harmonic potential under constant force potential resulting in the long range displacement of the central ion.
